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Abstract. We note implications of the Cayley-Sylvester theory of invariants and covariants 
for the Hamilton equations generated by cubic and quartic Hamiltonian functions. 


Let u,v be a symplectic basis for the symplectic plane, in which an arbitrary point thereby 
decomposes as z = pu + qv with p and q as linear symplectic coordinates. The Hamilton 
equations of motion generated by a Hamiltonian if) then read 

~P = ^q, q = $p 

and lead to the second-order equations 

P = i’pq^q ~ ''I’pi’qq, Q = ^qp^p ~ ^qi’pp- 

In what follows, we propose to consider an arbitrary solution curve to these Hamilton equations, 
the vector z and its symplectic coordinates p, q being functions of time. 

When xjj is the homogeneous cubic polynomial given by 

3if> = ap 3 + 3 bp 2 q + 3 cpq 2 + dq i 
the foregoing second-order equations in vector form read 

z = 2 Fz 

where F is the quadratic in p and q given by 

F = (b 2 — ac)p 2 + (be — ad)pq + (c 2 — bd)q 2 . 

Further differentiation along the solution curve reveals that this scalar function F satisfies the 
second-order equation 

F = 6 F 2 

and the first-order equation 

F 2 = 4 F 3 - g 3 

where g 3 is a constant of the motion. This situation is discussed quite thoroughly in [R]. 

The classical theory of invariants and covariants developed largely by Cayley and Sylvester 
has a direct bearing on these matters; for this classical theory, we take [S] as our reference and 
import its notation. Associated to the homogeneous cubic 

U = ap 3 + 3 bp 2 q + 3 cpq 2 + dq i 
are the following: an invariant, its discriminant 

D = a 2 d 2 — 3 b 2 c 2 + 4 ac 3 + 4 b 3 d — 6 abed; 
a quadratic covariant, its Hessian 

H = (ac — b 2 )p 2 + (ad — bc)pq + (bd — c 2 )q 2 -, 
and a cubic (Jacobian) covariant 

J = ( 2b 3 + a 2 d — 3abc)p 3 + 3 (abd + b 2 c — 2ac 2 )p 2 q + 3(2b 2 d — be 2 — acd)pq 2 + (3bcd — ad 2 — 2 c 3 )q 3 . 


l 


2 


P.L. ROBINSON 


See [S] page 183. These are related by an identity due to Cayley: 

J 2 = -4 H 3 + DU 2 

for which see [S] pages 186-187. 

Now, if U = 3ip then it is evident that H = —F and a direct computation shows that 
J = —F. Consequently, the Cayley identity J 2 = —4 H 3 + DU 2 becomes F 2 = 4 F 3 + D(3ip) 2 
or 

F 2 = AF 3 - g 3 

where 

g 3 = -£>( 3 ^) 2 . 

This observation has prompted us to look further; here, we shall present only a discussion of 
quartic Hamiltonians. Thus, let ip be the homogeneous quartic polynomial given by 

4 ip = ap 4 + 4 bp 3 q + 6 cp 2 q 2 + Adpq 3 + eg 4 . 

The Hamilton equations for this Hamiltonian lead to the second-order equations in vector form 

z = 3 Gz = —Fz 
4 

where the scalar function G is given by 

G = (b 2 — ac)p 4 + 2 (be — ad)p 3 q + (3c 2 — 2 bd — ae)p 2 q 2 + 2 (cd — be)pq 3 + (d 2 — ce)g 4 . 
Further differentiation reveals that F = 4 G satisfies the first-order equation 

F 2 = 4 F 3 — g 2 F — g 3 

where g 2 and g 3 are constants of the motion. We omit the somewhat lengthy justification of 
this, as the outcome reproduces the following items of classical invariant theory. 

Again we switch to the notation of [S]. Associated to the homogeneous quartic 

U = ap 4 + 4bp 3 q + 6cp 2 q 2 + 4dpq 3 + eg 4 

are invariants due to Cayley 

S = ae — 4 bd + 3c 2 

and to Boole 

T = ace + 2 bed — ad 2 — b 2 e — c 3 
along with two covariants: a quartic 

H = ( ac — b 2 )p 4 + 2 {ad — bc)p 3 q + ( ae + 2 bd — 3c 2 )p 2 q 2 + 2 (be — cd)pq 3 + (ce — e? 2 )g 4 

and a sextic J which we refrain from displaying in full. For details, see [S] pages 189 and 192. 
These invariants and covariants are related by the identity 

J 2 = -AH 3 + SU 2 H - TU 3 

for which see [S] pages 195 and 200. 

Now, if we take U = Aip then it turns out that H becomes a multiple of —F and J a multiple 
of —F; the identity relating these covariants to S and T then assumes the form 

F 2 = AF 3 - g 2 F - g 3 

where in fact 

g 2 = S{16ip) 2 , 
g 3 = T(16V>) 3 . 

Before closing, we offer some additional comments specific to cubics and quartics. 
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Cubics: Barring obvious exceptions, the solution F to F 2 = 4F 3 —g 3 is a (shifted) Weierstrass 
p function; as g 2 is zero, this is the equianharmonic case corresponding to a triangular lattice. 
The second-order equation z = 2 Fz is then of Lame type with n = 1 and may be solved as 
such; see [F] page 285. 

Quartics: The typical solution to F 2 = 4 F 3 — g 2 F — g 3 is also a (shifted) Weierstrass p 
function; the nature of the corresponding lattice is determined by 

g 3 -27g 2 3 = (S 3 -27T 2 )(16i/j) e 

where S 3 — 27 T 2 is the discriminant of the quartic; see [S] page 191. Here, the second-order 
equation z = 2 Fz is of Lame type with n = 1/2; see [WW] page 578. 

Finally, we remark that a symplectic connexion to the invariant theory of binary qualities in 
general is manifest starting from Article 140 of [S]. 
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